A free oscillations of a system with one degree of freedom, caused either by the initial deviation from the stable equilibrium position or by the initial velocity provided by the oscillator in this position was considered. Analytical solutions of the nonlinear Cauchy problem for a second-order differential equation were constructed. The solutions are expressed in terms of Jacobi's periodic elliptic functions relating to occultation of special functions. Compact equals are derived for calculating the displacements of the oscillator and the oscillation periods for various methods of motion perturbation and for various variants of the elastic characteristic. The restrictions on the initial excitations for an oscillator with a soft elastic characteristic are determined, when its free oscillations are possible. The existence of a solution of the nonlinear dynamics problem in elementary functions is established. The behavior of an oscillator with a soft characteristic of elasticity under conditions of its freezing are studied. It is shown that from the derived equals, as special cases, the results known in the theory of linear oscillators, as well as oscillators with a purely quadratic nonlinearity, without a linear component, follow when the solution of the problem can be expressed in terms of Ateb-functions. The aim of the work was to derive new calculation equals for determining the displacements of a mechanical system with one degree of freedom under conditions of free oscillations, in the absence of friction. To achieve this objective, the representation of the second integral of the differential equation of motion due to the incomplete elliptic integral of the first kind were used. Using the known tables of the indicated integral, examples of calculations are given in which the probability of the derived equals is confirmed. According to the results of the study, it is also established that in the case of a quadratic elasticity characteristic of the linear component, the motion of the oscillator is described by the periodic elliptic Jacobi function, both in providing it with an initial deviation from the stable equilibrium position, and giving it the initial velocity in this position. In the case of a soft elasticity characteristic, free oscillations are possible only with certain restrictions on the initial perturbations of the system. Keywords: quadratically nonlinear oscillator, soft and rigid elasticity characteristic, free oscillations, analytical solution, periodic elliptic functions.
Introduction
Due to linear oscillations with large amplitudes, emergency destruction of structural elements or premature failure of them can occur. Therefore, despite significant advances in the study of nonlinear oscillations and a fairly long history of their conduct [1] , this topic is still being given considerable attention.
Problem Statement
The purpose of this article is to construct and approximate new analytical solutions describing the free oscillations of a quadratically nonlinear oscillator under two variants of the elastic characteristic. To achieve this goal, a method based on reducing the second integral of the differential equation of motion to an incomplete elliptic integral of the first kind is chosen. To achieve this goal, a method based on reducing the second integral of the differential equation of motion to an incomplete elliptic integral of the first kind is chosen. As a result, the displacement of the oscillator is expressed in terms of periodic Jacobi elliptic functions; therefore, for the calculation, one can use tables of these special functions or tables of an incomplete elliptic integral of the first kind. The latter are also needed to calculate the periods of oscillations. To verify the adequacy of the theoretical results obtained, limit transitions are made, by directing one of the two rigidity parameters of the oscillator to zero. Therefore, the limiting variants are either a linear oscillator or a purely quadratic one, without a linear component in the elastic response. A special rare case is also revealed when the solution of the nonlinear equation of motion is fed into elementary functions.
Review of Modern Information Sources
Not referring to numerous publications in the form of separate articles, we will single out only monograph editions of recent years [2] [3] [4] [5] , where there are corresponding reviews of literary sources. Partially, the problem of nonlinear oscillations of systems of variable mass with dry friction was also violated in [6, 7] , where approximate analytical methods were used for research.
Main Material Presentation
We describe the motion of an oscillator by a differential equation:
where m is the mass of the oscillator; , αβ are characteristics of its elasticity, and 0 α ≥ ; ( ) xt = is displacement of the oscillator in time t ; the dot denotes the derivative with respect to t .
We will distinguish between hard ( )
For the initial conditions for (1) we take two versions:
In the first, the oscillations are caused by the initial deviation a of the oscillator from the equilibrium position 0 x = , and in the second -by the initial velocity 0 υ given to it in this position.
1.
Free oscillations of an oscillator with a rigid characteristic of elasticity. The transition to new 
and its left part reduces to an incomplete elliptic integral of the first kind ( )
. Therefore, instead of (6), we get:
where ad k ab
From the last expression it follows that:
where ( ) ( )
,sin, snkamk ττ =  -Jacobi's elliptical sine [9, 10] . Let's carry out the passage to the limit in (8) for 0 β → . For such a variation of the system: da → ; b →∞;
,sin snk ττ → and equal (8) takes the form:
which agrees with the theory of linear oscillators. Dependences (7) make it possible to derive a equal for calculating the period of oscillations. If you
Then we arrive at the relation:
and in determining the period of oscillations, tables of an incomplete elliptic integral of the first kind can be used [10] .
If we pass to the limiting transition 0 β → to a linear oscillator,
then, instead of (10), we obtain the well-known equal:
In the second case, when As we see, in the second case the solution of the nonlinear differential equation (1) 
where
The left part of (13) also reduces to an incomplete elliptic integral of the first kind. Thus, using the reference book [8] , we obtain:
where * arctg ax ϕ γ
In accordance with (14):
Calculation of the period of oscillation reduces to the equal:
where 2arctg/ a ψγ = .
To perform the calculations, we need to use tables of an incomplete elliptic integral of the first kind.
In Previously, such dependencies were derived in [11] . 2. Free oscillations of an oscillator with a soft elasticity characteristic. Under the initial conditions a) in (2) the velocity of the oscillator is described by the expression:
dx axbxxd dtm
Here is a restriction / a αβ < and the notation is used: In the case of a soft elasticity characteristic, the initial deflection must satisfy this constraint so that free vibrations occur.
To obtain the form of displacement of an oscillator, integrate expression (17). Such a transformation gives: 
In the left part, we have a quadrature that reduces to an incomplete elliptic integral of the first kind [8] . Therefore, expression (18) takes the form:
As a result, we get the following displacement equal: 
where ( ) 
Having received the initial deviation / a αβ = , the oscillator hangs in this position of unstable equilibrium. This is how the motion of a quadratically nonlinear oscillator with a soft elasticity characteristic manifests itself in this way. 
In this case, one can search for roots by analytical methods [12] . But, the pain is simple, we need a solution to find, according to Newton's scheme, iterations: If, on the other hand, the oscillator has a soft elastic characteristic, then instead of (22) 
at initial approximation 00 m a υ α = .
With a soft characteristic of elasticity, we have to limit the initial velocity by inequality:
[ ] (8) , using linear interpolation of tabulated values in [10] . In this way, for example, we find that for 0.5266 τ = /0.482 xa ≈ and for 0.7051 τ = /0.144 xa ≈ . Based on the series of calculations, we plot the graph shown in Fig. 1 . The dashed part of the graph is obtained as a result of a symmetric spreading of it to the left from the ordinate axis to the intersection with the abscissa axis. This part of the graph describes the initial stage of the movement from position 0 x = to position xa = . It is obtained purely geometrically, without corresponding calculations. Fig. 3 .
The dotted part of the graph is obtained in a purely geometric way, namely, by extending the graph to the left symmetrically about the ordinate axis before crossing with the abscissa axis. 2. The derived equals have the ability to calculate the displacements and period of oscillations of a quadratically nonlinear oscillator, with both rigid and soft elastic characteristics. The reason for the oscillations may be either the initial deviation of the oscillator from the stable equilibrium position or the initial velocity in this position.
3. In the case of a soft elasticity characteristic, free oscillations are possible only if the specified limitations on the initial deviation and on the initial velocity are observed.
